Abstract. We present a quantitative basis-independent analysis of combinatory logic. Using a general argument regarding plane binary trees with labelled leaves, we generalise the results of David et al. (see [9]) and Bendkowski et al. (see [6]) to all Turing-complete combinator bases proving, inter alia, that asymptotically almost no combinator is strongly normalising nor typeable. We exploit the structure of recently discovered normal-order reduction grammars (see [3] ) showing that for each positive n, the set of SK-combinators reducing in n normal-order reduction steps has positive asymptotic density in the set of all combinators. Our approach is constructive, allowing us to systematically find new asymptotically significant fractions of normalising combinators. We show that the density of normalising combinators cannot be less than 34%, improving the previously best lower bound of approximately 3% (see [6] ). Finally, we present some super-computer experimental results, conjecturing that the density of normalising combinators is close to 85%.
Introduction
Quantitative investigations in logic, where properties and behaviour of typical objects are studied, form a rich and well-established branch of mathematics on the border of logic, combinatorics and theoretical computer science. From a combinatorial point of view, logical formulae are objects with finite representations and, sometimes several, naturally associated notions of size. In cases when the assumed size notion imposes finitely many objects of any size, we can consider uniformly random formulae within such a family of objects. Analysing the asymptotic behaviour of the probability that a uniformly random object of size n satisfies a certain property P as n tends to infinity, yields the notion of asymptotic density of P and, in consequence, leads to investigations how certain natural properties, such as satisfiability etc., behave in the case of typical formulae.
There is a long history of using this kind of asymptotic approach applied to logic (see, e.g. [19, 17, 11, 12] ) and recently its computational aspects. In [9] , David et al. initiated quantitative investigations in lambda calculus and combinatory logic. Considering the set of closed λ-terms in a canonical representation where variables do not contribute to the term size, David et al. showed that typical λ-terms are strongly normalising whereas in the case of SKcombinators the situation is precisely opposite -asymptotically almost no SK-combinator is strongly normalising. Somewhat contrary to their result, Bendkowski et al. in [3] considered a different representation of λ-terms with de Bruijn indices, showing that similarly to the case of SK-combinators, asymptotically almost no λ-term is strongly normalising.
Despite many efforts, the associated counting problem for closed λ-terms is still one of the remaining major open problems. Throughout the years, different variants of lambda calculus have been considered. In [7] , Bodini et al. studied the enumeration of BCI λ-terms. John Tromp in [21] , as well as Grygiel and Lescanne in [14] , considered the counting problem in the so called binary lambda calculus. Recently, in [13] Gittenberger and Gołębiewski considered λ-terms in the de Bruijn notation with various size notions, giving tight lower and upper asymptotic bounds on the number of closed λ-terms. Due to the lack of bound variables, combinatory logic circumvents the intrinsic issues present in lambda calculus, serving as a minimalistic formalism capable of expressing all lambda-definable functions. Its simple syntax yields a natural representation using plane binary trees with labelled leaves, which greatly facilitates the analysis of asymptotic properties.
The paper is organised as follows. In section 2 we recall preliminary definitions and notation regarding combinatory logic. In the following sections 3 and 4, we state basic notions of combinatorial classes and generating functions, listing main tools used to study asymptotic properties of combinators, in particular, the analytic methods of singularity analysis. In section 5 we study the class of plane binary trees with labelled leaves, deriving basis-independent combinatory logic results as easy corollaries. In section 6 we focus on the SK-basis proving, inter alia, that for each positive n, the set of combinators reducing in n normal-order reduction steps has positive asymptotic density. Finally, in section 7 we discuss some experimental results.
Combinatory logic
Let B be a finite basis of primitive combinators. The set C B of B-combinators is defined inductively as follows. If X ∈ B, then X ∈ C B . If N, M ∈ C B , then (N M ) ∈ C B . In the latter case, we say that (N M ) is an application of N to M . If the underlying basis is clear from the context, we simply write combinators instead of B-combinators. Following standard notational conventions (see, e.g. [2] ), we omit outermost parentheses and drop parentheses from left-associated combinators, e.g. instead of writing ((M N )(P Q)) we write M N (P Q).
Each primitive combinator X ∈ B contributes a reduction rule of the form
..,Nm} and N 1 . . . N m are arbitrary combinators. In other words, XN 1 . . . N m reduces to some determined combinator M built from N 1 , . . . , N m and term application. The reduction relation → is then extended onto all combinators such that if P → Q, then P R → QR and RP → RQ for each combinator R. Let P be a combinator. If there exists no combinator Q such that P → Q, then P is said to be in normal form. If there exists a finite sequence of combinators P 0 , P 1 , . . . , P k such that P = P 0 → P 1 → . . . → P k and P k is in normal form, then P is weakly normalising, or simply normalising. If there does not exist an infinite sequence of combinators P 0 , P 1 , . . . such that P = P 0 → P 1 → . . ., then we say that P is strongly normalising. Naturally, strong normalisation implies weak normalisation.
A major part of combinatory logic is devoted to its simple type theory corresponding to the implicational fragment of minimal logic (see, e.g. [2] ) and hence also to simply typed λ-calculus (see [15] ). In its most common basis B = {S, K}, the type-assignment deduction system T A SK is given by the following two axiom schemes for S and K, with a single modus ponens inference rule.
The primitive combinators S and K can be assigned any types fitting to their axiom schemes. On the other hand, an application (N M ) can be assigned a type β, denoted (N M ) : β, if and only if N : α → β, whereas M : α. If P : α for some type α, we say that P is typeable. Naturally, not every combinator is typeable, e.g. ω := SII, where I := SKK. Though not all strongly normalising combinators are typeable, the converse implication holds, i.e. each typeable combinator is strongly normalising.
In this paper, we focus mostly on bases which are capable of expressing all computable functions. A sufficient and necessary condition for a basis B to be Turing-complete is to span B-combinators extensionally-equivalent to S and K. In such a case, we make the natural assumption that B defines a set of axiom schemes, one for each primitive combinator, in such a way that when enriched with the modus ponens inference rule, T A B constitutes a sound typing system -if N is extensionally-equivalent to either S or K, then the types of N in T A B are the same as the types of, respectively, S or K in T A SK . Throughout the paper, we use the over line notation X to denote arbitrary terms extensionally-equivalent to X.
We refer the reader to [8] or [2] for a more detailed exposition of combinatory logic.
Combinatorial classes
Let B be a countable set of objects with an associated size function f : B → N. If for each n ∈ N the set of B's objects of size n is finite, then B together with f forms a combinatorial class (see, e.g. [10] ). In such a case, we can associate a counting sequence {b n } n∈N of natural numbers b n capturing the number of objects in B of size n. Naturally, if A ⊆ B, then A is a combinatorial class as well with a n ≤ b n for each n ∈ N. Assuming that b n > 0 for each n ∈ N, we can then define the asymptotic density µ
Note that if it exists, we can interpret µ A B as the asymptotic probability of finding an object of A in the class of objects B. In other words, the likelihood that A represents 'typical' objects in B. Unfortunately, sometimes we do not know whether the asymptotic density of A in B exists, however we can use the lower and upper limits defined as
As 0 ≤ an bn ≤ 1, these two numbers are well defined for any set A, even when the limiting ratio µ A B is not known to exist. Henceforth, given a combinatorial class A, we use a n to denote the number of objects in A of size n.
Generating functions and analytic tools
Let A be a combinatorial class. The formal power series A(z) = n≥0 a n z n with A's counting sequence {a n } n∈N as coefficients, is called the ordinary generating function of A. Using the powerful theory of Analytic Combinatorics developed by Flajolet and Sedgewick [10] , many questions concerning the asymptotic behaviour of {a n } n∈N can be efficiently resolved by analysing the behaviour of A(z) viewed as an analytic function in some neighbourhood around the complex plane origin. This is the approach we take to study the asymptotic fractions of interesting combinatory logic terms.
Throughout the paper we use A(z) to denote the ordinary generating function associated with the combinatorial class A. We write [z n ]A(z) to denote the coefficient standing by z n in the Taylor series expansion of A(z) around z = 0. We say that two sequences {a n } n∈N and {b n } n∈N are asymptotically equivalent if lim n→∞ an bn = 1. In such a case we write a n ∼ b n . 4.1. Main tools. In our endeavour to study the asymptotic behaviour of 'typical' classes of combinatory logic terms, we use the method of singularity analysis [10] . Starting with a particular class A of combinators, we find its corresponding generating function A(z). The location of A(z)'s dominant singularities determines the exponential growth rate of {a n } n∈N as dictated by the following theorem.
Theorem 1 (Exponential Growth Formula, see [10, Theorem IV.7] ). If A(z) is analytic at 0 and R is the modulus of a singularity nearest to the origin in the sense that
In the case of analytic functions derived from combinatorial classes, the location of dominant singularities is significantly simplified as it suffices to look for singularities on the real line.
Theorem 2 (Pringsheim, see [10, Theorem IV.6] ). If A(z) is representable at the origin by a series expansion that has non-negative coefficients and radius of convergence R, then the point z = R is a singularity of A(z).
The sub-exponential factors determining the asymptotic growth rate of {a n } n∈N can be then further established using, in our case, the standard function scale for algebraic singularities of square-root type.
−α admits for large n a complete asymptotic expansion in form of
Theorem 4 (Newton-Puiseux, see [10, Theorem VII.7] ). Let f (z) be a branch of an algebraic function P (z, f (z)) = 0. Then in a circular neighbourhood of a singularity ζ slit along a ray emanating from ζ, f (z) admits a fractional series expansion that is locally convergent and of the form
where k 0 ∈ Z and κ ≥ 1.
Finally, combining the scaling rule for Taylor expansions and the Newton-Puiseux expansion of algebraic functions with unique dominating singularities, we obtain the following corollary theorem.
Theorem 5 (Algebraic singularity analysis). Let
be an algebraic function, analytic at 0, having a unique dominant singularity z = ζ. Assume that g(z) and h(z) are analytic in the disk |z| < ζ + η for some η > 0. Then the coefficient [z n ]f (z) satisfies the following asymptotic approximation
2 ) where C is the coefficient standing by
Proof. See [10] , Theorem VII.8.
In order to simplify the reasoning about the type and location of singularities of generating functions given without explicit closed-form solutions, we use the following technical lemma guaranteeing certain natural closure properties of analytic functions with a single square-root type dominating singularity.
Lemma 6.
Let Ω be the open disk |z| < ζ + η for some 0 < ζ < 1 and η > 0. Let F denote the set of functions f : (0, ζ) → C in form of f (z) = 1 − ζ −1 z P (z) + Q(z) for arbitrary P (z) and Q(z) analytic in Ω \ {0}. Then F with natural function addition and multiplication forms a commutative ring.
Proof. Note that it suffices to show that F is closed under addition and multiplication, as the commutative ring laws are clearly preserved. Let (U, +, ×) be the commutative ring of functions analytic in Ω \ {0}. Consider arbitrary f, g ∈ F given by
Let us start with f (z) + g(z). Note that
. By rewriting, we obtain
4.2. Removable singularities. In order to apply Theorem 5 to the analysis of a generating function A(z), we have to guarantee that A(z) is analytic at z = 0. If it is not the case, yet A(z) has a removable pole singularity at z = 0, we can consider its analytic extension A(z), instead of A(z). The following theorem due to Bernhard Riemann provides a sufficient and necessary condition to determine whether A(z)'s pole singularity at z = 0 can be removed.
Theorem 7 (Riemann's Removable Singularities Theorem, see e.g. [18] ). Let f be analytic on the punctured disk Ω \ {z 0 } of the complex plane. Then f has an analytic extension on Ω if and only if
As a direct consequence, we obtain the following technical lemma.
Lemma 8.
Let Ω \ {z 0 } be a punctured disk on the complex plane. Suppose that f is analytic on Ω \ {z 0 } and has an analytic continuation at z = z 0 . Then for each n ≥ 2, the function f (z) n has an analytic extension on Ω.
Basis-independent results
In this section we are interested in universal basis-independent asymptotic properties of combinatory logic. We prove certain general results about labelled plane binary trees, deriving the combinatory logic results as immediate corollaries.
Definition 9.
Suppose that L is a finite set of d distinct labels. Then, the set of L-trees consists of plane binary trees where each leaf has a corresponding label in the set L. We use T L to denote the set of L-trees.
Let us notice that the asymptotic growth rate of L-trees greatly depends on the asymptotic approximation of Catalan numbers Cat n counting the number of plane binary trees with n inner nodes. It is well known that
Proof. Let us start with noticing that t ∈ T L has |t| + 1 leaves. Fix n ∈ N. The number of plane binary trees with n inner nodes is counted by the nth Catalan number Cat n . Taking into account all possible L-labellings of n + 1 leaves and using the closed-form expression for Cat n , we derive the following formula counting the number T L,n of L-terms of size n. 
Proposition 11. Let T L be the set of L-trees where |L| = d. Then its counting sequence {T L,n } n∈N has a corresponding generating function
Solving (3) for T L (z), we obtain two possible solutions:
Since the number of L-trees of size 0 is equal to d, the limit lim z→0 T L (z) = d. It follows that (2) is indeed the desired solution.
Then the set of L-trees containing t as a subtree, denoted as T L , has the following generating function:
Proof. Let us start with noticing that any L-tree containing t as a subtree is either equal to t, or one of its left or right subtrees contains t whereas the other one is a tree in T L . However, since trees in T L may contain t as a subtree, we have to subtract trees containing t in both branches to avoid double counting. This specification allows us to write down the following functional equation defining T L (z):
Solving (5) for T L (z) we obtain two possible solutions:
.
Note that p ≥ 1 and hence there are no L-trees of size 0 containing t as a subterm. It follows that lim z→0 T L (z) = 0, yielding the desired solution.
. Then ζ is the only singularity on both T L (z) and T L (z)'s circle of convergence.
Proof. From (2) it is clear that ζ is the only singularity of T L (z) on the circle |z| < ζ. Moreover, since √ 1 − 4d is a part of T L (z)'s closed-form expression (4), it suffices to check that F (z) = 1 − 4dz + 4z p+1 has no complex roots of modulus ζ. Note that we can rewrite (4) as
Both T L (z) and T L (z) are generating functions counting sequences of non-negative integers, hence the coefficients in the Maclaurin series of
are non-negative integers as well. To finish the proof we notice that
and hence due to Pringsheim's Theorem, F (z) cannot have complex roots of modulus ζ.
The generating functions T L (z) and T L (z) are not defined at z = 0, however due to Theorem 7, both have analytic extensions to functions analytic in the origin and we can consider them instead of T L (z) and T L (z) in the subsequent theorem.
admit for large n the following asymptotic approximation:
Proof. Let us rewrite the closed-form solutions of T L (z) (2) and T L (z) (4) as
, and
As all the assumptions hold, the result follows now easily by applying Theorem 5.
Immediately, we obtain the following corollary theorem.
Then asymptotically almost all L-trees contain t as a subtree.
Proof. In the case of |t| ≥ 1, our claim follows directly from Theorem 14. Suppose that |t| = 0, i.e. t is a primitive combinator. We can assume that |L| > 1, as otherwise our claim is trivial. Let us consider the set T L\{t} of L-trees avoiding t. Note that from (2), we have
4d) n n −3/2 for some constants c 1 and c 2 . It follows that asymptotically almost no L-tree avoids the primitive combinator t, finishing the proof.
The above theorem provides a general result showing that 'local' properties of L-trees propagating to supertrees, span asymptotically almost the whole set of L-trees. Using the natural bijection between B-combinators and B-trees, we can reinterpret this observation in the language of combinatory logic and state that each 'local' property of B-combinators closed under taking superterms is typical, i.e. has asymptotic probability 1 in the set of all B-combinators. In particular, we obtain the following corollaries generalising the results in [9] .
Corollary 16. For each Turing-complete basis of primitive combinators B, asymptotically almost no B-combinator is in normal form, simply typeable nor strongly normalising.
Proof. Fix t := SII(SII) where I := SKK.
5.2.
Counting normalising combinators. Let B be a Turing-complete set of primitive combinators. Let us start with the classical observation is that the set of normalising B-combinators is undecidable. It follows that its corresponding generating function has no computable closedform solution. For that reason we take the following approach. We find feasible subclasses of normalising and non-normalising B-combinators and use them to bound the density of normalising combinators WN B . Let us start with recalling the famous standardisation theorem.
Theorem 17 (Standardisation theorem, see e.g. [8] ). If M is normalising, then the leftmost outermost reduction always leads to M 's normal form.
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Although usually stated in the SK-basis, the standardisation theorem easily generalises to every Turing-complete basis of combinators, e.g. through the classical translation to λ-calculus (see, e.g. [2] ). Hence, we obtain the following result.
Theorem 18. Let B be a Turing-complete basis of primitive combinators. Then
Proof. Let us start with the lower bound. Since B is Turing-complete, there exists a combinator K ∈ C B extensionally equivalent to K. Let us consider the set L of combinators in form of KXM where X ∈ B is a primitive combinator and M ∈ C B . Notice that if t ∈ L, then t has a normal form. Hence L ⊂ WN B . Let us fix p := |K|. Then
C B hence indeed, the lower bound holds. Now, let us consider the upper bound. Let ω = SII. Since SIIx → w xx, we know that SII(SII) has no normal form. Immediately, nor does ωω. Consider the transformation Φ : C B → C B which for a given B-combinator substitutes ωω for its leftmost primitive combinator X (see Figure 1) . 
Since WN B ⊂ C B \ U , we have
and thus the upper bound holds as well, finishing the proof.
Using the fact that asymptotically no B-combinator is strongly normalising (see Corollary 16), we obtain the following corollary generalising the result in [6] .
Corollary 19. For each Turing-complete basis B of primitive combinators, asymptotically every weakly normalising B-combinator is not strongly normalising.
SK-combinators
In this section we address the problem of estimating the asymptotic density of normalising SK-combinators in the set of all SK-combinators. In [6] authors provided the following bounds:
Here, we prove that SK-combinators reducing in exactly n > 0 normal-order reduction steps (leftmost outermost redex first, see Theorem 17) have positive asymptotic density in the set of all SK-combinators. We provide a constructive method of finding their asymptotic approximations and related densities, yielding a systematic approach to improving the above lower bound. For simplicity, we use C SK and R 0 to denote the set of SK-combinators and the set of normal forms, respectively. Let us start with a few technical propositions regarding the generating functions C(z) and R 0 (z).
Proposition 20 (see, e.g. [6] ). The generating function C(z) enumerating SK-terms and its corresponding dominating singularity ζ C are given by (7) C
n has a single removable singularity at z = 0 in the disk |z| < ζ C .
Proof. From equation (7), C(z) can be rewritten as
and Q(z) = 1 2z .
Both P (z) and Q(z) are rational and hence also analytic in the complex plane except the origin. From Lemma 6, C(z) n can be expressed as
for some P (z) and Q(z) analytic in C \ {0}. Moreover, following (1) and the closure properties of rational functions, it is clear that P (z) and Q(z) are also rational. As lim z→0 zC(z) = 0, Theorem 7 guarantees that C(z) has an analytic extension at z = 0 and, in consequence of Lemma 8, so does C(z) n , finishing the proof.
Proposition 22 (see [6] ). The generating function R 0 (z) enumerating SK-terms in normal form and its corresponding dominating singularity ζ 0 are given by
for some rational functions P (z) and Q(z) analytic in C\{0}. Moreover, R 0 (z) n has a single removable singularity at z = 0 in the disk |z| < ζ 0 .
Proof. From the shape of equation (8) we can write R 0 (z) = 1 − 4z − 4z 2 P (z) + Q(z) where P (z) = − 1 2z 2 and Q(z) = 1 − 2z 2z 2 . Clearly, both P (z) and Q(z) are rational and analytic in C \ {0}. The result follows now from the same arguments as in Proposition 21.
Our method relies on the effective computation and asymptotic properties of normal-order reduction grammars {R n } n∈N . In [3] the author provided a recursive algorithm, which for given n ≥ 1, constructs the nth normal-order reduction grammar R n defining the set of SKcombinators reducing in exactly n normal-order reduction steps. Applying the Symbolic Method of Flajolet and Sedgewick [10] , R n is then translated into a functional equation
involving the generating function R n (z) and its formal parameter z. Due to the specific structure of Φ(R n ) -the set of productions α ∈ R n not referencing R n -(9) turns out to be linear in R n (z), yielding a unique closed-form solution.
Theorem 24 (see [3] ). Let n ≥ 0. Then there exists a computable unambiguous regular tree grammar R n defining the set of SK-combinators reducing in exactly n normal-order reduction steps. Moreover, R n has a computable generating function R n (z) of the following closed-form solution:
where
and k(α), c(α), r i (α) are some non-negative integers depending on α.
In the reminder of this section, we exploit the structure of the normal-order reduction grammars, showing the following main result.
where C k is a constant depending on k.
Before we provide a proof, let us present two propositions preparing the background for Theorem 5.
Proposition 26. Let n ≥ 0. Then each R n (z) has a removable singularity at z = 0.
Proof. Induction over n. Following Theorem 7, R n (z) has a removable singularity at z = 0 if and only if the limit lim z→0 zR n (z) exists and is equal to 0. In particular, from (10)
Let us start with n = 0. In this case the product
Due to Proposition 23, C(z) c(α) has an analytic extension at z = 0. It follows that lim z→0 C(z)
exists, indeed satisfying equation (13) . Now, suppose that n > 0. Due to the induction hypothesis all R 0 (z), . . . , R n−1 (z) have removable singularities at z = 0. Using Lemma 8, we can moreover state that so do their powers R 0 (z) r 0 (α) , . . . , R n−1 (z) r n−1 (α) . Together with our previous observation that C(z) c(α) has an analytic extension at z = 0, we conclude that (12) is satisfied, finishing the proof.
Definition 27. Let α ∈ Φ(R n ) for some n ≥ 1. We say that α is major if and only if α references either C SK or some R i for i ∈ {1, . . . , n − 1}. Otherwise, we say that α is minor.
In the following proposition we use the notions of major and minor productions, showing that major productions contribute to the asymptotic growth rate of R n (z)'s counting sequence, whereas minor ones are asymptotically negligible.
Proposition 28. Let n ≥ 1. Then each R n (z) is in form of √ 1 − 8z P (z) + Q(z) where both P (z) and Q(z) are analytic in the disk |z| < ζ 0 = √ 2−1 2 but at z = 0.
Proof. Induction over n. Consider the base case n = 1. Let us divide Φ(R 1 ) into two groups, i.e. major and minor productions. Suppose that α ∈ R 1 is a major production. Since α ∈ Φ(R 1 ), its corresponding generating function (11) R α (z) is in form of
where in addition c(α) ≥ 1. Using Propositions 21 and 23, we can further rewrite (14) as
for functions P (z) and Q(z) analytic in the disk |z| < ζ 0 but at z = 0. Similarly, if α ∈ Φ(R 1 ) is minor, we can rewrite its generating function as
where P (z) and Q(z) are analytic in some disk |z| < ζ 0 + ε for ε > 0 but at z = 0. The requested form of R 1 (z) follows now from Lemma 6 and the fact that ζ 1 < ζ 0 . Now, suppose that n > 1. Again, let us consider an arbitrary major α ∈ Φ(R n ). Using the induction hypothesis and (11), we can rewrite R α (z) as
Using Propositions 21 and 23, we can further rewrite (15) as
The result follows now easily from Lemma 6.
Now we are in a position to prove Theorem 25.
but at z = 0. By Proposition 26, every R k (z) has a removable singularity at z = 0. Therefore, every function R k (z) satisfies the assumptions of Theorem 5. Hence
for some constant C k .
As ζ m = 1 /8 for every m ≥ 1, we can easily compute the coefficients C m in the asymptotic approximation of [z n ]R m (z) using available computer algebra systems, e.g. Mathematica R [22] . The quotient C m/−4 (see Equation 6 ) yields the desired asymptotic density of SK-combinators normalising in m normal-order reduction steps in the set of all SK-combinators. Hence, we obtain the following corollary. Using an implementation of the normal-order reduction grammar algorithm together with Mathematica R we were able to compute the densities of combinators reducing in m normalorder reduction steps R m in C SK for m = 1, . . . , 7. The results are summarised in the following figure.
And so, exploiting the finite additivity of asymptotic density we obtain the following improved lower bound:
Clearly, the above lower bound can be further improved if we compute the next asymptotic densities µ
, etc. Unfortunately, due to the sheer amount of major productions, this process is immensely time and memory consuming, quickly requiring resources exceeding current desktop computer capabilities. Nevertheless, µ . The intriguing problem of determining whether the inequality can be replaced by the equality still remains open.
Experimental results
Our method developed in section 6 allows us to improve the lower bound on µ − WN SK C SK , provided we have enough computational resources to find and manipulate generating functions R m (z) for higher m. Unfortunately, the current gap between the lower and upper bound on the density of normalising combinators is still quite significant. In this section we present some experimental results regarding the aforementioned density as well as numerical evaluations of the obtained approximation error.
7.1. Super-computer results. Consider the following experiment scheme G(s, n, r) with three positive integer parameters s, n, r. We draw s uniformly random SK-combinators of size n using, e.g. Rémy's algorithm (see [20, 16] ) -drawing a uniformly random plane binary tree with n inner nodes -combined with a random SK-labelling. Then we reduce each of the s samples using up to r normal-order reduction steps. We record then the number of normalised samples, with their corresponding reduction lengths. For samples which did not normalise in r reduction steps, we artificially record their reduction lengths as −1. Afterwards, we collect the reduction lengths, plotting the obtained function mapping reduction lengths to the number of samples attaining the given reduction length.
We preformed our experiments on the Prometheus R super-computer cluster granted by ACC Cyfronet AGH in Kraków, Poland (48th out of 500 world's most powerful supercomputer in 2016, with theoretical computational power of 2.4 Pflops) [1] . The following figure summarises the experiment result for G(s = 1200, n = 50000000, r = 1000). Even though the number r = 1000 bounding the number of performed reductions was significantly smaller than the size of considered samples, the experiment revealed that normalising combinators have short reduction lengths. In fact, the mean reduction length E(X) over all normalising samples is approximately E(X) ≈ 31.5810, whereas log 2 n ≈ 25.5754. Out of 1200 samples, only 176 did not normalise in r steps, yielding approximately 0.146 percent of all considered samples. Similar results were obtained with different experiment parameters, suggesting that the ratio of normalising SK-combinators should be approximately equal to 85%, whereas the mean reduction length of normalising terms is Θ(log 2 n). Our Haskell implementation of the program, as well as all the obtained data sets are available at [5] . Since [z n ]R 1 (z) ∼ 8 n C 1 n − 3 /2 , the relative error δ([z n ]R 1 (z)) is inevitably tending to 0 as n → ∞. Remarkably, the error δ([z n ]R 1 (z)) converges much slower than one would expect. With n = 300 the error is just of order 10 −2 . We observed similar results in the relative errors for higher n, where the convergence rate is even slower than in the case of [z n ]R 1 (z).
Our Mathematica R scripts and an implementation of the algorithm computing R m (z) are available at [4] .
Conclusion
We presented several basis-independent results regarding asymptotic properties of combinatory logic. In particular, we generalised previously known results for SK-combinators from [6, 9] , showing that they span to arbitrary Turing-complete combinator bases. Exploiting the results of [3] , we gave a systematic approach to finding better lower bounds on the density of normalising SK-combinators, improving the previously best known lower bound from about 3% to approximately 34%. Performed super-computer experiments suggest that the searched density, if it exists, should be approximately 85%, conjecturing that both lower and upper bounds are still quite far from the actual density. Naturally, the following interesting question emerges -is our approach converging to the actual density? As the asymptotic density is always bounded, the series m≥0 µ Rm C SK converges to some value ζ ∈ (0, 1). Is ζ the desired asymptotic density of normalising SK-combinators? If not, how far is it from the actual density? Due to the immense computational resources required in the computations and the sheer amount of major normalorder reduction grammar productions, our approach renders brute-force methods of closing the density gap virtually impossible. We expect that more sophisticated techniques are required in order to address this intriguing open problem.
